We study the general properties of fluid spheres satisfying the heuristic assumption that theirs areal and proper radius are equal (the Euclidean condition). Dissipative and non-dissipative models are considered. In the latter case, all models are necessarily geodesic and a subclass of the Lemaître-Tolman-Bondi solution is obtained. In the dissipative case solutions are non-geodesic and are characterized by the fact that all non-gravitational forces acting on any fluid element produces a radial three-acceleration independent on its inertial mass. *
Introduction
Analytical or numerical solutions to Einstein equations describing dissipative gravitational collapse are thought to be useful not only for describing specific astrophysical phenomena, but also as test-bed for probing cosmic censorship and hoop conjecture among other important issues.
In this work we study a large family of solutions, derived from the heuristic assumption that the areal radius of any shell of fluid, which is the radius obtained from its area, equals the proper radial distance from the centre to the shell. Since these two quantities are always equal in the Euclidean geometry, systems described by solutions satisfying such a condition will be called "Euclidean stars".
Some of the models are necessarily dissipative. This is appealing from a physical point of view, since gravitational collapse is a highly dissipative process (see [1, 2, 3] and references therein). This dissipation is required to account for the very large (negative) binding energy of the resulting compact object of the order of −10 53 erg. Indeed, it appears that the only plausible mechanism to carry away the bulk of the binding energy of the collapsing star, leading to a neutron star or black hole is neutrino emission [4] .
We shall describe dissipation in the diffusion approximation, implying that the energy flux of radiation (as that of thermal conduction) is assumed to be proportional to the gradient of temperature. This assumption is in general very sensible, since the mean free path of particles responsible for the propagation of energy in stellar interiors is in general very small as compared with the typical length of the object. Thus, for a main sequence star as the sun, the mean free path of photons at the centre, is of the order of 2 cm. Also, the mean free path of trapped neutrinos in compact cores of densities about 10 12 g cm −3 becomes smaller than the size of the stellar core [5, 6] . Furthermore, the observational data collected from supernovae 1987A indicates that the regime of radiation transport prevailing during the emission process, is closer to the diffusion approximation than to the streaming out limit [7] . Accordingly we shall restrict here to this latter case, being aware that there are situations in stellar evolution where that approximation fails.
The resulting dissipative models have a distinct dynamical property, namely all non-gravitational forces acting on any fluid element, produce a radial three-acceleration being independent of the inertial mass density of the fluid element. This behaviour, which is characteristic of the gravitational force, is now shared, due to the Euclidean condition, by all forces. The specific case of the shear-free and conformally flat fluid, are considered in detail.
Non-dissipative models are necessarily geodesic, belonging to the Lemaître-Tolman-Bondi (LTB) solutions. They may describe collapsing dust or, more generally, anisotropic fluids.
In the next section we write the field equations, the junction conditions, as well as the dynamical equations. In section 3 we introduce the Euclidean condition and derive some of the consequences stemming from its enforcement. The non-dissipative case is analyzed in section 4, whereas the dissipative case for the shear-free fluid is discussed in section 5. Finally a discussion on the results is presented in the last section.
2 The field equations, the junction conditions and the dynamical equations
We consider a spherically symmetric distribution of collapsing fluid, bounded by a spherical surface Σ. The fluid is assumed to be locally anisotropic with principal stresses unequal and undergoing dissipation in the form of heat flow. Choosing comoving coordinates inside Σ, the general interior metric can be written
where A, B and R are functions of t and r and are assumed positive. We number the coordinates x 0 = t, x 1 = r, x 2 = θ and x 3 = φ. Observe that A and B are dimensionless, whereas R has the same dimension as r. The matter energy-momentum T − αβ inside Σ has the form
where µ is the energy density, P r the radial pressure, P ⊥ the tangential pressure, q α the heat flux, V α the four-velocity of the fluid and χ α a unit four-vector along the radial direction. These quantities satisfy
The four-acceleration a α and the expansion Θ of the fluid are given by
and its shear σ αβ by
Since we assumed the metric (1) comoving then
where q is a function of t and r. From (4) with (6) we have for the fouracceleration and its scalar a,
and for the expansion
where the prime stands for r differentiation and the dot stands for differentiation with respect to t. With (6) we obtain for the shear (5) its non zero components
and its scalar
where
The Einstein equations
Einstein's field equations for the interior spacetime (1) are given by
with κ = 8π, and its non zero components with (1), (2) and (6) become
κT
The component (14) can be rewritten with (8) and (10) as
The mass function m(t, r) introduced by Misner and Sharp [8] (see also [9] ) reads
The exterior spacetime and junction conditions
Outside Σ we assume we have the Vaidya spacetime, i.e. we assume all outgoing radiation is massless, described by
where M(v) denotes the total mass, and v is the retarded time. The matching of the non-adiabatic sphere to the Vaidya spacetime, on the surface r = r Σ = constant, is discussed in [10, 11, 12] . From the continuity of the first and second differential forms it follows,
and
where Σ = means that both sides of the equation are evaluated on Σ. Comparing (21) with (14) and (15) one obtains
Dynamical equations
To study the dynamical properties of the system, let us introduce, following Misner and Sharp [8] , the proper time derivative D T given by
and the proper radial derivative D R ,
where R defines the areal radius of a spherical surface inside Σ (as measured from its area). Using (23) we can define the velocity U of the collapsing fluid as the variation of the areal radius with respect to proper time, i.e. U = D T R < 0 (in the case of collapse).
Then (18) can be rewritten as
With (24) we can express (17) as
Using (13)- (15) with (23) and (24) we obtain from (18)
which implies
It is assumed in (30) a regular centre to the distribution, so that m(0) = 0. Expression (28) describes the rate of variation of the total energy inside a surface of areal radius R, whereas equation (29) shows how the total energy enclosed varies between neighboring spherical surfaces inside the fluid distribution.
The non trivial components of the Bianchi identities, T −αβ ;β = 0, from (12) yield by using (7), (8), (23), (24) and (26),
This last equation may be further transformed as follows. The proper radial three-acceleration D T U of an infalling particle inside Σ can be obtained by using (7), (15), (18) and (26), producing
and then, substituting a from (33) into (32), we obtain
The physical meaning of different terms in (34) is discussed in detail in [1, 13, 14] . We would like just to recall that the first term on the right hand side describes the gravitational force term. As expected from the equivalence principle, its contribution to D T U is independent on the inertial mass density µ + P r . The two last terms describe non-gravitational force terms (i.e. their combination vanishes in a geodesic motion).
The Euclidean condition
Here we assume that the areal radius of any spherical surface inside Σ, centred at its origin, given by R(t, r) is equal to the radius as measured by the proper radial distance from the centre to the surface, i.e. B(t, r)dr. Hence with this condition we can write,
implying from (26) E = 1.
The field equations (13-16) with (35) become respectively
while the mass function (18) now reads,
and the matching condition (21)
It is clear from (41) that ifṘ = 0 then m = 0 and spacetime becomes Minkowskian. Therefore all Euclidean stars are necessarily non-static. Furthermore, using (23) and (25), (41) can be rewritten as
Hence, (43) can be interpreted as the Newtonian kinetic energy (per unit mass) of the collapsing particles being equal to their Newtonian potential energy. From (38), we observe that in order to have dissipation in the form of heat flow the collapsing source needs A ′ = 0. This means that dissipation does not allow collapsing particles to follow geodesics. Inversely, of course, non-dissipative Euclidean models are necessarily geodesic.
It is interesting to observe that due to the Euclidean condition, the dynamical equation (33) or (34) becomes,
implying that the non-gravitational force term (the last on the right hand side) contributes to D t U, for any fluid element, independently on its inertial mass density. In other words, the Euclidean condition produces a "gravitational-like" behaviour in non-gravitational forces. Also observe that these forces are controlled by q. The Weyl tensor C αβγδ for metric (1) with (35) has the following non zero components,
and all the other non zero components are proportional to (45),
With (11), (39) and (40) we can rewrite (45) like
showing that for isotropic systems the shear-free conditions implies a conformally flat source. We consider next the non-dissipative case.
4 Collapse with q = 0
As mentioned before, for this case we have from (38) that A ′ = 0 which means A = A(t) and by rescaling t we can have
reshaping the field equations (37-40) to
Assuming that the source consists of pure dust
then it follows that
where c 1 (r) and c 2 (r) are integration functions. Hence the solution reduces to the LTB collapsing dust [15, 16, 17] .
and from (48) and (53) we have for (45),
where σ, from (11), is
In the shear-free case, c 1 = c 2 , the system becomes conformally flat too, and with the freedom for choosing the r coordinate we can assume c 1 = r 3/2 recovering the Friedmann critical dust sphere.
Of course more general models can be obtained by relaxing the condition of vanishing pressure. In the case of isotropic pressure, P r = P ⊥ , we have from (50) and (51)R
which can be integrated producinġ
where d 1 (r) is an arbitrary function of r. Also, from junction condition (22) , and (50) we obtain the time dependence for the areal radius of the boundary surface
Anisotropic models in principle can be obtained too since LTB spacetime is compatible with an anisotropic fluid [18] .
From (66) and (67) we have
whereas the Weyl tensor component (45) with (63) becomes
Therefore if the collapsing source is conformally flat, i. e. C 0101 = 0, then from (68) it must be isotropic in its pressures, P ⊥ = P r , and vice-versa.
The general form of all conformally flat and shear-free metrics is known [20] , it reads
where e 1 is an arbitrary function of t, and
where e 2 and e 3 are arbitrary functions of t. The Euclidean condition then implies
An approximate solution of this kind has been presented and discussed in [20] . Furthermore, an exact solution is also known [21] , which in turn is a particular case of a family of solutions found in [22] . It reads (see Case III in [21] )
where α, β 1 and β 2 are constants. The above solution satisfies junction conditions and its physical properties have been discussed in [21] . Thus we shall not elaborate any further on it. Suffice to say at this point that its physical properties are reasonable and a thermodynamic analysis brings out the relevance of relaxational effects on the evolution of the system.
Discussion
We have explored the consequences derived from the heuristic assumption that the areal radius of any shell of fluid and the proper radial distance from the centre to the shell, be equal (Euclidean condition). The resulting models are either dissipative or geodesic. In the former case the non-gravitational forces behave as gravitational one, in the sense that they produce a radial three-acceleration which is independent on the inertial mass density of the fluid element they are acting upon. The physical reason for this behaviour (if any) is unknown to us. However one is tempted to speculate about the possible link between this feature of Euclidean models and another distinct property of such models, which is expressed by equation (43).
Indeed, as mentioned before, (43) can be interpreted as the Newtonian kinetic energy (per mass unit) of the collapsing particles being equal to their Newtonian potential energy. Now, in the context of Newtonian mechanics this condition applies whenever the only force acting on the particle is the gravitational one. In our general case we do have non-gravitational forces, but their effect on any fluid element does not depend on the inertial mass density of that element. In other words, the effect of non-gravitational forces amounts to modify the gravitational force term, leaving a "gravitational-like" force term producing a radial three-acceleration independent on the inertial mass density of the fluid element.
In the non-dissipative case the fluid is necessarily geodesic, and all solutions belong to the LTB family.
We presented some known solutions which satisfy the Euclidean condition and have acceptable physical properties. This suggests that the Euclidean condition might be a good starting point for obtaining more complex and physically interesting solutions to Einstein equations. In particular we have in mind relaxing the shear-free and/or the conformally flat condition for the dissipative case.
